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ABSTRACT The general solution for the distribution function of the gyration tensor for Gaussian molecules 
in k-dimensional space is given in terms of zonal polynomials. The distribution for two-dimensional rings 
is reviewed, and that for three-dimensional ellipsoids of revolution is formulated so as to reduce the calculation 
to  a sum of one-dimensional integrals. 

Introduction 
The distributions of &apes of linear chains in three 

dimensions and of both linear and-circular chains in two 
dimensions have been studied by Solc, Stockmayer, and 
Gobush in a series of original paper~.l-~ Since its inception, 
the theory of these distributions has seemed to be for- 

midable, but it has nonetheless attracted some attention 
because of potential applications to rubber elasti~ity4.~ and 
to 

The gyration tensor S for a system of particles with 
masses mi, 

S = M’XMX’ (1) 

If the particles are imbedded in a k-dimensional space, X 
is a k X n matrix of coordinates in an arbitrarily oriented 
frame with origin at the center of mass, X’ is the transpose 

thermodynamics*697 

n, is defined as 

?Dedicated to Professor walkr  H, Swkmayer on the occasion of 
his 70th birthday. 
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of X, M = diag (m1,m2 ,..., m,) and M =  tr (M) = total mass. 
For present purposes, all particles will have the same mass, 
and eq 1 reduces to 

S = n-lXX‘ (2) 
The shape distribution of the mechanical system is de- 
termined by the probability distribution of the principal 
components (eigenvalues or latent roots) of S when some 
potential acts between the particles. The Gaussian model 
is a useful starting point for this problem; the corre- 
sponding potential is harmonic with zero mean and is 
additive over bonded pairs of mass elements. These in- 
teractions are the equivalent bonds in the spring-bead 
model. In this approximation, the effective potential of 
mean force pV(X) for a molecule of arbitrary connectivity 
is 

(3) 

where /3 = l/kBT, y = k / 2 (  12)o, and K, = yK is a Kirch- 
hoff matrix. (The notation used here follows that of a 
previous review of the literature on the distribution of the 
radius of gyration.8) 

The highest order probability distribution that is sought 
is for k unequal principal components of S, and this can 
be written as 

P ( S )  dS  = ( d S / a l  ...l etr (-XK,X’)S(XJ’) dX/dS 
(4) 

where 2 is the configuration integral, etr (.I = exp[tr (*) I ,  
dX = ni,lnna=t dxia, and dS  = dS,,. The 6 
function, with J = (l , l ,  ..., l), fixes the origin of coordinates 
a t  the center of mass. The integral in eq 4 occurs in 
multivariate  statistic^,^ as has been communicated to the 
author by Richards.lo This theory is used here to solve, 
as far as is generally possible, eq 4 and its lower dimen- 
sional analogues. 

The theory to be presented differs somewhat from that 
formulated by S O ~ C . ~ , ~  It is more direct than his method, 
but it gives equivalent results. The problems considered 
under each heading are as follows: (I) the general k-di- 
mensional problem, i.e., solution of eq 4; (11) the formu- 
lation of eq 4 in Eckart coordinates; (111) the asymptotic 
distribution for the general case; (IV) two-dimensional 
rings; and (V) two equal components of S in three di- 
mensions, i.e., ellipsoids of revolution. 

I. The General Problem 
The probability distribution of S, P ( S )  dS, may be 

formulated as an integral over the configuration space in 
two different ways. The first, to be considered in this 
section, is had by restricting the configuration integral to 
yield zero when S # n-‘XX’. The other method, described 
in the next section, makes use of Eckart coordinates. The 
constraint is written as 
P ( S )  dS = 

pV(X) = y t r  (XKX’) = tr (XK,X’) 

(dS/Z)!d(S - n-’XX’)G(XJ’) etr (-XK,X’) dX ( 5 )  

To solve eq 5, convert to normal coordinatess Q = XT’, 
T t SO(n) ,  chosen such that TK,T’ = A = diag (0, 
Y A ~ , . . . , ~ & - J  = diag (O,h,). [The orthogonal group of n x 
n matrices is denoted by O(n);  SO(n)  is the subgroup of 
O h )  consisting of matrices with determinant +1.] The 
Jacobian of the transformation is +1. Since K, has a single 
zero eigenvalue if the molecule is connected, and since T 
contains a constant row, proportional to J, we have 
P ( S )  dS  = 

( d s / z ) S W  - n-’QoQo’) etr (-QoAtQd) dQ, (6) 
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where Qo is k X ( n  - l), as obtained from Q by deletion 
of the coordinates corresponding to the center of mass 
motion. 

The 6 function is expressed as the Fourier integral 

6(S - n-’QoQo’) = 
( Z ~ ) - ~ ( ~ + ~ ) / ~ { e t r  (iYS - in-lYQoQo’) dY (7) 

where dY = n,,, dye,, and 

Y k  k i 
Let q = (q11,q21 ,..., qn-11,q12,q22 ,..., Q,-,~) be the row form of 
Qo. It is easy to show that if Qo - AQ,B, with A a k X 
k and B an (n  - 1) X (n  - 1) matrix, q - q(A’ @ B). It 
is apparent also that dQ, = dq. Insert eq 7 into eq 6, 
collect terms, and integrate over dq to get 

P ( S )  dS = d S l e t r  (iYS)Il + in-lY @ hy-11-1/2 dY (9) 

where use has been made of 

z = , k ( n - U / 2 l ~ , l - k / 2  (10) 

Since Y is symmetric, Y = hyh’, h E SO@) and y = diag 
(yl,...,y L). The volume element in polar (y,h) variables is 
computed with the following procedure. The metric di2 
= dx G dx’, with G an m X m matrix and x a 1 X m vector, 
has an associated volume element dV = IG11/2na dx,. 
Consider 

di2 = tr (dY dY’) = tr (dY dY) 

This metric has a natural volume element dV = 
2-k(k-1)/4na5S dy,,. In terms of polar coordinates, dY = 
dh yh’+ h dy h’+ hy dh’= h(dy + 6hy -y6h)h’, with 6h 
= h’dh = -dh’h = -6h‘since h‘h = 1. Substitute this 
expression for dY into eq 11 to find 

dE2 = tr [dy2 + (6hy - y6h)’I 
k 

The volume element is thus 

where dh is the (unnormalized) Haar measure on SO(IZ) .~  
[On the last point: tr (dh dh? = t r  (h’ dh dh’ h) = tr 
(6h6h9, with volume element dh. This is both left and 
right invariant, since for any fixed hl,h2 t SO(k):h-hlhh2 
we have tr (h, dh h2hd dh’h,’) = tr (dh dh?.] In eq 13, 
a factor of 2k-1 has been divided out because of symmetry 
(see ref 9, p 104). Equation 9 now becomes 

dS = 22k- lTk(k+1j /2  dS l e t r  (ihyhS)Il + 
in-’y @ II Jy, - yplIIdya dh  (14) 

a<, a 

The last two steps to the general solution are to reduce dS 
and to compute the integral over SO&). 

Since S is symmetric, it is the case that S = hl’Sdhl, h, 
t S O ( k )  and S d  = diag (sl,s2, ..., sk). All sa are presumed 
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to be distinct. Use again the calculation from eq 11 to eq 
12 for tr  (dS dS) to get 

d S  = 21-k II IS, - SplndS, d h  (15) 
a<@ a 

so that the polar form of P ( S )  d S  is 
P ( S )  dS P(Sd) II IS, - S@IIIdS, d h  (16) 

a<@ a 

This is further simplified by integration over SO(k), with 
volumeg V[SO(k)] = 2k-1~k2/2/I'k(k/2), where 

r k ( a )  = ~ 4 ~ - ~ ) / ~  Il r[a - (i - 1)/2], 

Re ( a )  > (k - 1)/2 

k 

i=l  

to give 
P(S)  d S  = P(SJ II IS, - S,IIIdS, (17) 

a<@ 

with 

P(sd) = Ck-'Seh' (ihyh'Sd)ll + 
in-ly @ hy-11-1/2 n I ya - yglndya d h  (18) 

a<@ a 

Shape Distributions for Gaussian Molecules 213 

The result, eq 21, is disappointing in the respect that 
it is complicated. However, it represents the most that can 
be done with the exact general solution at the present time. 
Its complexity motivates attempts to formulate the prob- 
lem differently and to look for simplifications for special 
cases. 

11. Formulation in Eckart Coordinates 

eq 6, one obtains 
If eq 4 is reduced to a normal-coordinate version, as in 

P ( S )  d S  = (dS/Z)Jetr (-QOArQ<) dQo/dS (22) 

This will now be expressed in polar or Eckart15J6 coordi- 
nates. The polar decomposition Qo = huV, with h e SO(k), 
a = diag (n1/2S11/2,n1/2s21/2, ...,n1~zsk1~2) and v = Vk,n-l, 
follows from the Autonne-Eckart-Young theorem." The 
space spanned by the matrices VV' = 1 k  is a Stiefel ma- 
nifold$18 it is isomorphic to the coset space O(n - 1)/0(n 
- 1 - k)18 of dimension k(2n - 3 - k)/2. Using the invar- 
iance of the trace to cyclic permutations, we have etr 
(-QohrQ,') = etr (-nSdVh,V'). 

The volume element is obtained by a procedure similar 
to that used to obtain eq 13. Let dt2 = tr (dQo dQ,'); also 
dQo = dh aV + h da V + ha dV. The volume element 
becomes5i9 
dQo = 21-2knk(n-1)/2)Sdl(n-k-2)/2 II IS, - SplIIdS, d h  dV 

(23) 

dQo/dS = nk(n-1)/22-klSdl(n-k-2)/2 dV (24) 

with use of eq 15. The distribution function, eq 22, is 
obtained as 

a<@ a 

LVI=, p( S )  d S  = d S  lh,lk/2( n / r)k(n-1) /22-kl Sdl(n-k-2)/2 

(-nSdVh,V') dV (25) 

Use of eq 15 for the factor dS on the right shows that P(S)  
d S  = 0 whenever Sa = S,, and the determinantal factor 
ISdl(n-k-2)/2 guarantees that P ( S )  dS = 0 whenever Sa = 0 
for all k < n - 2. Configurations with two equal axes, or 
one that vanishes, exist on subspaces of the space of all 
ellipsoids, and they have zero measure in the latter space. 
To obtain information on these subspaces requires either 
a different approach, as will be seen in section V, or a 
careful analysis of eq 25, in the case that Sd is degenerate. 

V[O(n - l)]/V[O(n - k - l ) ]  = 
The volume of V = Vk.n-1 can be showng to be 

2kTk(2n-k-1)/4 /h r[(n - 9/21 (26) 
r = l  

Use of this equation gives the fiist-order term5 in the series 
expansion of P ( S )  dS from eq 25. More can be done, 
however. Multiply and divide eq 25 by V[O(n - k - l ) ]  
and take the factor in the numerator under the sign of 
integration. Expand V to all of H c O(n - 1) by adding 
the appropriate orthonormal rows, and similarly expand 
S d  to an (n - 1) X (n - 1) matrix Sn-l by adding zeros. In 
so doing, tr (SdVA,V') = tr (S,-,HA.,H?. The integral in 
eq 25 becomes 

V[O(n - k - l ) ] - ' S  etr (-nSn-1HA,H3 dH = 
O(n - 1) 

In eq 18, use has been made of the left invariance of dh, 
and the replacement hlh - h has been made in etr (a). 

In the final step of this seciion, the integral over SO(k) 
in eq 18 will be computed. Solc2 calculated all terms in 
the expansion of etr (.) in terms of fl  functions for k = 3. 
The author, in hopes of eliciting a more compact solution 
to the integral over S0(3), posed this problem in the 
mathematical 1iterature.l' Its solution for all k was com- 
municated to me by Richards,lo who also pointed out that 
the same problem was earlier posed by Satake.12 For k = 
2 the integral is accomplished in terms of elementary 
functions in section IV. Here we are interested in the 
general case, k > 2, and so have to be content with a more 
complicated result. I t  follows from the work of James9J3 
that 

where C,(X) is a zonal polynomial of degree m in the 
eigenvalues or latent roots of X. These polynomials are 
not known in their entirety, but there is an algorithm for 
their c o m p ~ t a t i o n . ~ J ~  In eq 20, p = (ml,m2, ..., mk) is a 
partition of m into no more than m parts such that mj 2 
0 and C , m j  = m. Furthermore, [tr (X)]" = c,CP(X), as 
easily foilows from eq 20 if either y or S d  is a multiple of 

k *  
In particular, for k = 3, we have finally 

in-'Y @ A<'l-1'21Y~ - Y2llYi - Y311Y2 - Y d  dYi dY2 dY3 (21) 

The range of integration is --m < y3 < y2 < y1 < m. This 
equation will not be useful for computations until a means 
is found to evaluate the sum over the zonal polynomials 
in terms of more rapidly convergent functions. One pos- 
sibility is to extract exp[(i/3) tr  (y) tr  (S,)] from the sum 
in eq 21 and perhaps also to use a cumulant expansion. 
These notions are not pursued here. 

by application of the results referred to at eq 20 above. 
The zonal polynomials C,,(Sn-l) vanish if m is partitioned 
into more than k nonzero parts, since then all terms have 
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at  least one of the zero entries of Sn-l. The complete series 
solution for P ( S )  d S  is thus 
P ( S )  dS = 

dS n k ( n - l ) / 2 1 A y l k 1 2 ~ S  (n-k-2)/2 - (-n)m- Cp(Sfl-JCb(Ay) 
dl 
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k = 4  
!(si - &)(SI - s3)(1 - s4/s1)(1 - S , / S Z ) ( S ~ / S ~  - 1) x 

(1 - s4/s3)11/2 

For k = 2, S2 - 0 for fixed S1 maximizes the probability. 
For k = 3, S2 - S3 - 0 such that S,/S, - 0 for fixed S1 
will be most probable. In the last case, S3 - S4 - 0 such 
that S4/S3 - 0 for fixed S1 and S2 will define a subspace 
with high probability. 

There are implications here for the excluded volume 
problem. Suppose that a repulsive interaction between 
segments is acting so as to favor configurations with a large 
radius of gyration in any dimension. In two and three 
dimensions the chain tends to become one-dimensional, 
i.e., it straightens out. In four dimensions it still remains 
a coil, albeit one that is most likely found near a subspace 
of two dimensions. In four or more dimensions the max- 
imal dimension repulsive interaction is therefore ineffective 
in expanding the chain, and the perturbation of the ran- 
dom flight dimensions is nil. 

IV. Distributions in  Two Dimensions3 
In two dimensions the integral over SO(2) in eq 18 can 

be accomplished in terms of a Bessel function, and if the 
X i  are doubly degenerate the integrals over the y, can then 
be done with use of the residue theorem. This provides 
a convenient starting point for numerical integrations in 
the general case, and the solution is reducible to a sum of 
terms in a simple one-dimensional integral in the special 
case of a circular chain. 

Let the group SO(2) be spanned by the matrices 

h =  [ 'Os' :Is:] 
-sin 6 

with dh = do. Then tr (hyhS)  = y+s2 + y-A cos 20, where 
y+ (ylfy2)/2, s2 = Sl + S,, and A = Sl - S2. Equation 
18 becomes 

p ( s d )  = r - 'x :dy+imy- dy-S"d0 F+F- exp[iy+s2 + 

where 

0 
iy-A cos 281 (32a) 

n-1 

]=1 
F, = n [l + i(y+ f ~ - ) / y n X ~ ] - ' / ~  (32b) 

Integrating over SO(2) gives 

(28) 
This is, unfortunately, only slowly convergent, and so is 
not very useful for applications other than those related 
to collapsed configurations. 

111. Asymptotic Distribution for Linear Chains 
An asymptotic expansion for eq 25 can be obtained by 

application of known results when all S, are large, and 
when the X i  are nondegenerate. First order the matrices 
Sd = diag (s1,s2 ,..., s k )  and A, = y diag (X1,X2 ,..., such 
that s1 > s2 > ... > S k  and X1 < X2 C ... C Complete 

= 0, and V - H a s  in the passage from eq 25 to eq 27. The 
asymptotic form of the integral in eq 27 is given by 
Muirhead as Theorem 9.5.4. We have 

S d  to Sn-l, with si > s2 > ... > s k  > S k + l  = S k + 2  = ... s,1 

k k 
P ( S )  d S  - constant exp(-yn C has,) II IS, - 

,=l 

in principal axes, with 
constant = 

The X j  are given by8 

X j  = 4 sin2 r j /2n  (31) 

for the linear chain. Throughout this section, X, = X j  for 
1 I j I k where clarity dictates. 

Equation 29 is satisfactory in the respect that the most 
probable, highly extended, configurations in two and three 
dimensions have all but one component of S equal to zero. 
The highly extended linear chain is most likely straight, 
and thus the mathematics of the Gaussian chain does not 
contradict physical principles. Quite the opposite is true 
in four or more dimensions, and this fact is profound. 

It is not difficult to show that an extremum of eq 29, 
should one exist a t  S, = Sa*, 1 I a I k,  must satisfy the 
equations 

k 

,=1 
yn C A$,* = k(k - 3)/4 

k 

,=l 
c (2ynh, + 1/S,*) = 0 

The first cannot be satisfied for Sa* > 0 for k < 4, and the 
second can never be satisfied for Sa* > 0. There is never 
an extremum in the asymptotic region, but clearly the cases 
k I 3 and k > 3 are different. The factor nlS, - 
Ss11/2nS,-1/2 may be written as follows for k 5 4: 
k = 2  

k = 3  

(33) 
This result is equivalent to that obtained by golc and 
G ~ b u s h . ~  

If the molecule of interest is a ring with an odd number 
of equivalent bonds, the eigenvalues are doubly degenerate; 
the distinct values are given by8 

(34) X j  = 4 sin2 Tj/n, 1 5 j 5 (n - 1 ) / 2  

The F, functions in eq 33 become 
in-1)/2 

j = l  
F, - G, = n (1 + i(y+ f y-)/ynX,)-' (35) 

so that the branch points of the F, functions are replaced 
by simple poles. To compute the integral, first make a 
partial fraction expansion of G, to obtain 

(n-1)/2 
G* = I-inA,l E Aj/[y+ - (iynXj T y-)I (36) 

j = l  
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a numerical quadrature rather than a series is left in the 
results. 

The special case n = 3, for which the one distinct ei- 
genvalue is X = 3, deserves special consideration. It is not 
difficult to show that 

P ( S )  d S  = (9y)21Sl - Szl(S1S2)-1/2 exp(-9ys2) dS, dSz 
(43) 

in agreement with the Solc and Gobush r e ~ u l t . ~  

V. Ellipsoids of Revolution in Three Dimensions 
The simplest route to information on the subspace diag 

(S,,Sz,S3) = diag (S,,S,,SII) = S* of ellipsoids of revolution 
is to inquire into the form that Y must take when S is as 
specified. First, let S = hlS*hl’, and choose a parame- 
trization of hl as 

hi = A(ai)B(Pi)A(yi) 

r  COS^ s i n a  0-l 

where 

(37) 

When the right of eq 36 is reduced to the common de- 
nominator form, the coefficient of y+(n-3)/2 is EAj, and it 
follows that 

( n - 1 ) / 2  

j=l 
C A j = O  (38) 

which is helpful in sequel. 
The contour for the y+ integral in eq 33 is closed in the 

upper half-plane with a semicircle at infinity. The in- 
tegrand has simple poles at y+ = iynXj f y-, and the result 
of application of the residue theorem is 

with ej = exp(-ynXjs2). Since x / ( x  - a) = 1 + a / ( x  - a),  
and because of eq 38, this reduces to 

P(sd) = -(yn/2)1-inh,12CCAjAk(Xj - 
I k  

[ek exp(iszy) - ej exp(-is2y)] 
(40) 

with P j k  = yn($ - &)/2 and the subscript on y- has been 
dropped. 

The bracketed factor in eq 40 is written as 2i(ejek)lI2 sin 
[s2(y - io+)], and then use is made of 

Y - iPjk 
JmdY Jo(AY) 

on combining terms for j > k and j < k, one finds 

j > k  

Xk)J’*sinh (Pjkt) dtJmJo(Ay) 0 sin (ty) dy (41) 

A standard result is19 
^ m  

J, Jo(Ay) sin (ty) dt = 0, 0 < t < A 

= ( t2  - A’)-’/’, 0 < A < t 
with which eq 41 becomes 

P(Sd) = -(7n)3 CBjBk(Xj - Xk) exp[-yn(Xj + 
j > k  

where 

These factors alternate in sign, so that the leading term 
in eq 42 is positive. The integral in this equation is not 
susceptible to further nontrivial reduction, but it can be 
expressed as a relatively simple double sum, and it should 
be _easy to evaluate by numerical quadrature. The result 
of Solc and Gobush3 is expressed as an infinite sum, which 
is equivalent to a series expansion of the integral in eq 42. 
Since the evaluation of any of these equations is likely to 
be done with the use of a computer, it is just as well that 

0 0 

B(p)= [ c o s p  s i n 0 1  (44) 

The angles cyl, P1, and y1 are not the Euler angles, but they 
are simply related to the latter. Note that A(?,) commutes 
with S*, so that 

-sin0 cosp 

S = A(CYi)B(Pi)S*B(Pi)’A(cy1)1 (45) 
depends upon four parameters (al, P1, S,, Sll) only. To 
fix S on the appropriate subspace of Qo it is necessary for 
Y in eq 7 to depend upon only four parameters. That is, 
Y = h2/y*h2 withy* = diag (y,,y,,yII), and h2 = A(yz)B- 
(Pz)A(~z);  hence 

since A(y) commutes with y*. 
Use will now be made of some notions from the theory 

of coset spaces.’* Write hl = xlA(yl), with x1 = A(a,)B(&). 
Then x1 is in the left coset S0(3)/S0(2). Conversely, hz 
= A(yz)xz, and xz = B(PZ)A(cuz) is in the right coset 
S0(2)\S0(3). The product hzhl is A(yz)x2xlA(yJ = 
A(yz)xA(yl) and x is an element of the double coset 
SO(2)\SO(3)/SO(2). Since h2hl E S0(3), it follows that x 
is parametrized simply as B(P), and tr (Y*S*) = tr  (y*B- 
(P)S*B(P)’) = s2y+ + AyJ3 cos2 P - 1). Here s2 = 2S, + 
The volume elements d S  and dY are obtained by the 
standard procedure, with S = xlS*xl’ and Y given by eq 
46; one finds 

dS = (1/2)A2dSll dS, dal sin P1 dPl 

= 2 r A 2  dS,, dS, (in principal axes) 

Y = A’(CYZ)B’(PZ)Y*B(P~)A(CYZ) = x ~ ’ Y * x ~  (46) 

SI,, A = s, - SI,, Y+ = (2Y, + Yll)/3, and Y- = b1 -Y,1)/3. 

dY = 2 7 ~ - ~  dy+ dy- da sin dp (47) 
where dY depends on CY and P, not a2 and P2, by the right 
invariance of the Haar measure on S0(2)\S0(3). Upon 
inserting the required matrix elements into eq 6 and 7, and 
then completing the Qo, CY, and integrations, one obtains 

P ( S )  dS = A3l2 dS,, dS, 3 5 / 2 ( 2 ~ ) - 3 / 2 1  lmexp( is2y+ -m - 
i AY-)Y-~/ ’( C [ (6 Ay - / T )  + 
is [ (6Ay-/~)’ /~]  W.Y~)~F(Y 11)  dy+ dy- (48) 



216 Macromolecules 1985, 18, 216-219 

Here C(-) and S(.) are the standard Fresnel integrals,% and 
the F functions are defined as in eq 32b. The range of 
integration for yI and yil, or y+, is --OD < y+ < m; the es- 
sential reason for the difference between these ranges for 
this special case and the restricted ranges for the general 
case is the presence of y-2 in eq 47. Alternatively, both 
prolate (S,, > S,) and oblate (Sll C S,) ellipsoids of rev- 
olution are encompassed by eq 48, and the corresponding 
Fourier variables are likewise unrestricted. 

One further integration, over y,, can be accomplished 
in eq 48 for any spectrum since F(y1)2  has simple poles. 
It will prove useful to reduce the double integral to a sum 
and single integral for numerical evaluation of this equa- 
tion in the case of linear chains or otherwise nondegenerate 
spectra. For a doubly degenerate spectrum eq 48 can be 
further reduced to a double sum by use of the methods 
described in the previous section. Since ellipsoids of 
revolution are not apt to be of interest apart from appli- 
cations to rubber elasticity, where approximations to 
spectra are called for, the messy equations generated by 
the last one or two integrations of eq 48 are not given here. 

Concl-ision 
The general solution to the shape distribution problem 

has been shown to reside within the theory of multivariate 
statistics. In practice much more needs to be done to 
reduce the three-dimensional equation to tractable form 
before numerical work is undertaken to evaluate it. The 
asymptotic distributions for linear chains in a space of any 
dimension has been given. 

The distribution for two-dimensional rings has been 
rederived, whereas that for three-dimensional ellipsoids 
of revolution is new. The latter is much more easily 

evaluated than is the full three-dimensional distribution. 
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Effect of Pressure on Polymer-Polymer Phase Separation 
Behavior 
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ABSTRACT An equation based on the equation-of-state theory of Flory and co-workers was used to describe 
the effect of pressures, up to 900 atm, on the phase separation behavior of various polymer mixtures. The 
mixtures under consideration were of an ethylene-vinyl acetate copolymer with chlorinated polyethylenes 
and of a polyether sulfone with poly(ethy1ene oxide). These had previously been shown to be miscible and 
to phase separate on heating. The theory was used to simulate the spinodal curves of mixtures a t  the operating 
pressures. For mixtures a t  compositions close to the critical compositions these were compared with the 
experimental values and were found to be consistent within the experimental uncertainties. Calculations 
of volume changes on mixing were also carried out by various methods based on experimental and theoretical 
results and were also self-consistent. For mixtures of polyether sulfone with poly(ethy1ene oxide) the state 
properties of the polymers are very diverse. These mixtures show a very large effect of pressure on phase 
separation temperatures and a very large volume change on mixing. 

Introduction 
The equation-of-state theory as developed by Flory and 

his collaborators14 has many advantages over the classical 
Flory-Huggins theory in describing the properties of 
polymer mixtures. McMastel.5 examined the contribution 
of the state parameters to the miscibility of hypothetical 
mixtures and showed that the theory is capable of pre- 
dicting both lower critical solution temperature (LCST) 
and upper critical solution temperature (UCST) behavior. 
Also, because it abandons a fixed lattice, it is capable of 
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predicting volume changes on mixing and, hence, the ef- 
fects of pressure on the phase diagram. 

Olabisi6 has applied McMasters’ treatment to a real 
system of polycaprolactone and poly(viny1 chloride). We 
have also used a modified form of the above theory to 
simulate the spinodal curves for mixtures of poly(methy1 
methacrylate) with chlorinated polyethylene,’ of poly(buty1 
acrylate) with chlorinated polyethylene: of ethylene-vinyl 
acetate copolymers with chlorinated polyethylene: and of 
poly(ethy1ene oxide) (PEO) with a polyether sulfone 
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